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Abstract

This paper generalizes the results in [1] to n-dimensional spaces.

For n-dimensional spaces, tighter upper bounds on the number of intersection points
of two or more polynomials are given. Using the upper bounds, the lower bounds on
the minimum distances and the generalized Hamming weights of linear codes defined
on the curves in high dimensional spaces are obtained. For large enough h, the exact
values of the generalized Hamming weights of linear codes defined on the curves in high
dimensional spaces, d,(C,), are given.

By using the generalized Bezoiit theorem and the new approach, more efficient linear
codes defined on the curves in high dimensional spaces are constructed, which are better
than the AG codes and the improved AG codes on the same curves.

Index Terms: Bezout’s theorem, minimum distance, generalized Hamming weights, algebraic-
geometric codes, linear codes.

1 Introduction

For error-correcting codes, the minimum distance is one of most important parameters. It
is used to measure the code’s capacity of correcting errors or detecting errors or both [3].
The minimum distance d of a linear code C is defined by

d = min {d(u,v)},
u,veC
u#Ev

where d(u, v) expresses the Hamming distance between u and v.
For an [n, k] linear code, we can consider its generalized Hamming weights, which are
the generalization of minimum distance and defined as follows:

*This work was supported in part by the National Science Foundation under Grant NCR-9505619,
Louisiana Education Quality Support Fund under Grant LEQSF-(1994-96)-RD-A-36 and NASA Project
NAG-W-4013.



Definition 1.1 For any code C of block length n over GF(q), define the support X(C') by
X(C)Y={i]|ci#£0 for some (c1,c2,-++,¢,) € C},
and the support weight w(C) by
ws(C) = |X(C)]-

Let C is a linear [n, k] code over GF(q). For any r with 1 < r < k, the r-th generalized
Hamming weight of C is defined as

d.(C) = min{w,(D) | D is a r-dimensional subcode of C'}.

The weight hierarchy of code C is defined as the set of generalized Hamming weights
{dl(C),dQ(C),,dk(C)}

It is easy to see that dy(C) is the minimum distance or the minimum Hamming weight
of code C.

Let C be a g-ary [n, k] linear code, we have the following properties of the generalized
Hamming weights:

1) (Monotonicity) 1 < di(C) < d2(C) < --- < dp(C) < .

2) (The generalized Singleton bound) dg(C) <n—k+ h,for h=1,2,--- k.

These properties were proved for cases ¢ = 2 in [4]. When ¢ is a power of any prime,
the proof is the same.

Both the determination of the minimum distances and the determination of weight
hierarchy for linear codes in full are difficult. A more modest goal is to find acceptable
bounds on these weights. The weights of geometric Goppa codes were discussed in [16] and
[6]. The bounds on the minimum distance and the generalized Hamming weights of the
codes defined on the curves in two-dimensional space were given in [1].

Definition 1.2 Let X = (21,22, -+, %n), D{5, 5,,....4,) denotes the number of distinct points
of the intersection of polynomials f,(X) =0, for p=1,2,...,p.

Definition 1.3 Given a sequence of polynomials {f,(X)|p=1,2,...,7}.
DZ(JT) = max{DUi, *fig"“'f:p}l/\l’ ey Ap < r},

where X = (x1,22,-+,Zn) and f/{‘# ezpresses a linear combination of f; fori =1, 2, ..., A,
and the coefficient of fy, 1s 1, i.e., f;“ = fa, + 21\:1_1 ¢ fi

Let LS = {P,P,,---, PN} be a set of points in the n-dimensional vector space over
GF(q), in general, we consider the points in a algebraic curves, i.e., the rational points of a
algebraic curve. Let H, = {hy,h;,---,h,} be a set of monomials or polynomials with vari-
ables z,,z,- -, Z,. For every h;, we have a evaluated vector (h;(Py), hiy(P,),- -, h,-(PN))T.
When there is no possibility of any confusion, we also use h, to denote its evaluated vector,
i.e., welet h; = (h;(P1),hi(P2),---, h,-(PN))T. Let C, be the [N, N — r] linear code defined
by a parity check matrix H, = [hy, hy,---,h,]T. The relationship between D;,r) and the
generalized Hamming weights of linear code C, is given in the following theorem.
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Theorem 1.1 [1] For a linear code C, defined by H,, i.e., the parity check matriz has r
rows, if D£T_)d.+h+1 < d* = 1, then the h-th generalized Hamming weight dy(C,) is at least
d*, i.e., dp(Cy) > d.

From the above theorem, we can see that an upper bound on the number of intersection
points of two or more polynomials, D;r), can be used to obtain the lower bound on the
generalized Hamming weight of a linear code. A generalized Bezout theorem is a good tool
to determine the number of intersection points (common roots) of polynomials.

Definition 1.4 Let f,(z,y), for u = 1,2,---,p, be polynomials in z and y. Without loss of
the generality, deg, f; > degyfa > -+ > deg. f,, and let deg, f; = m and deg. f, = n, where
deg. f, indicates the mazimal i such that the monomial z'y) is a term in f,. We define the
z-resultant matriz of these p curves or polynomials as the following ¥ x (m + n) matriz,

where & =Y "_, (m+n —degf,) and s = deg, fp:

[ aél) agl) . .o IS . .0 ]
0 aél) agl) .. . aw 0 . 0
o o . o0&V &)
aff) agz) . Cad? o 0 . 0
0 aE)?) ag2) .o al? 0 . .0
0 0 . . 0 a(()?) agr‘)) . ag)
aép) agp) . . agp) 0 0 . . 0
0 agp) agp) . al” 0 . . 0

| 0 0 . .. 0 agp) a(lp) . a(sp) ]

Let R(y) = Resz(f1, f2,- fp) be the non-zero determinant of nonsingular submatriz
with the smallest degree of y of the x-resultant matriz. R(y) is called the z-resultant of

polynomials f1, f2,+, and f,.

Theorem 1.2 [I] The number of distinct points of the intersection of f,(z,y) without
common components, for p = 1,2, ...,p > n, is at most equal to the degree of their resultant
R(y), i.e., degR(y).

For polynomials in n-dimensional spaces, we define the resultant by applying two-
dimensional definition in the following way:



For p > n, consider the curve defined by

fl(xlv"r2s"'7zn):07

T1,T2,° 3 Tn =0,
falon 2z, o) = 0 (1)
fp(mlvz% " "zn) - 0

First, we consider the first two polynomials only.

{ fl(zlazi’""’ )

Tn
fz(.’l‘],frg,' : '7:1:71)

I

0,
0.

If we consider z; and z, as the variables and z3,---,z, as parameters, then by applying

the two-dimensional definition, we get the z;-resultant fl(l)(.’lfg,(l'3, e+, Z,). Similarly, for
2 <1 < p, if we consider

fl($1v1‘2~,"'a$n)
Iy

0,
fi(xla‘r25"'7 ) 0.

we get an z;-resultant fz-(i)l(xz,:vg,,---,zn). After we get all the p — 1 x,-resultants, we

consider the zo-resultants fi(2)(1'3, T4, -, Tq), for i =1,2,---,p— 2, of the following curve
1(1)(1‘2’1‘37 o '71'71) = 07
;Sl)(I%xSﬂ T 'vxn) = 01

fz()l_)l($2,x3, " ',l‘n) = 0

Repeating the above procedure, we finally get fi("_l)(a:n), forz=1,---,p—n+1. We
define the resultant of (1) as the one with minimum degree. In other words, we define
R(z,) = fl(on_l)($n), where degfi(on_l)(a:n) < degfi("—l)(zn) fort=1,---,p—n+1. The
degree of R(z,) can be used to determine the number of the solutions of the system defined
by (1).

Theorem 1.3 The number of distinct points of the intersection of f,(z1,z2,++,Tn) with-
out common components, for u = 1,2,...,p > n, is at most equal to the degree of R(zy).

In [1], a tighter bounds on D,S,T) were given for two dimensional polynomials by using
a generalized Bezout theorem. With that upper bounds, lower bounds on the generalized
Hamming weights of some linear codes were obtained. In this paper, we generalize the
results in [1] to the general cases, n-dimensional cases.

In Section 2, we discuss some basic properties of polynomials and their common roots
in n-dimensional Spaces. In Section 3, we concentrate on three dimensional spaces. In that
section, the results in [1] will be generalized to three-dimensional spaces. The results in
general n-dimensional Spaces will be given in Section 4. In Section 5, we construct some
more efficient linear codes using generalized Bezout theorem and the results in Section 3.
Conclusions are given in Section 6.



2 Basic Results for Polynomaials in n-dimensional Spaces

In this section, we introduce some basic properties of n-dimensional polynomials. Through-
out this section, X denotes a point in n-dimensional spaces, and f(X),g(X)and f, denote
polynomials in X.

For n-dimensional polynomials, we have the following results:

Proposition 2.1 For any f(X) and g(X),

D pixya(x)3 = Dipxyod F Diog(x),0d = D s(X), 90X,

Proof: The set of all roots of f(X)g(X) = 0 is a union of the set of all roots of f(X) =10
and the set of all roots of g(X') = 0. We have Proposition 2.1. a

Example 2.1 Let f(z,y) =z +y— 1,9(z,y) = 2y, and h(z,y) =  — 1. Consider

{ f(:c,y)g(x,y):xy(x-l—y—l):O, (2)
h(z,y)=2z—-1=0.

Obviously, system (2) has only one solution (1, 0). Thus, Dz y)g(zy)h(z.y)} = 1
Now, we consider the following systems

flz,y)=z+y-1=0,
{ h(z,y)=z—-1=0. (3)

g(z,y) =2y =0,
{h(:c,y)::r—l:(). (4)

and
flz,y)=z+y—-1=0, .
{ g(z,y) =2y =0. (5)

It is easy to check that the three systems all have one solution. Therefore,

Dijzymzw)) = b Digzy) iz} = 1 and Difzy) gz} = 1-
Thus, we have
D tmya(za)izw)} = Pisewiza + Pigen iz — PisEv o)
Proposition 2.2 Dy, .. ) <min{D(y,lp =1,2,...,p}.

Proof: All the points of intersection of f,(X) = 0, for p = 1,2,...,p, are the points of
fu(X) = 0, respectively. Therefore, we have Proposition 2.2. a

From Proposition 2.1 and Proposition 2.2, we have:

Proposition 2.3 Dggp .. 051 < Dy + Dygy g0}



Example 2.2 Let g(z) =z, fi(z) = 22 + = — 2 and fo(z) = 2 — = — 2. Since system
g(z)filz) = 2(z® + 2 - 2) =0,
g(z)foz) = 2(a* —2-2)=0

has two solutions x = 0 and = 1, we have Dy o7y = 2. On the other hand, system

filz)=22+2-2=0,
folz)=22-2-2=0

has one solution x = 1. Thus, Dy 5,y = 1. Since g(z) = = = 0 has only one solution, we
also have D5y = 1. Thus, we have

Digh sty = Digy + Digi i}
If we take the same f, and f,, but different g, say, g(z) = z — 1, then we can verify that

Digpygtoy < Digy + Digy e g}

Proposition 2.4 Dy,p ¢ . py = Diggy

This result tells us that when consider the intersection points of some polynomials g1, g2, - -, gp,
if a polynomial g; is the multiple of another polynomial g;, then g; can be deleted.

The following result can be used to simplify the procedure of determining the intersection
points of polynomials.

Proposition 2.5 For i,k > 1, Dy s(xyig(x)k,.} = Dy 5(x)g(x),}-

Proof: If i = 1 and k = 1, the result is trivial.
Suppose ¢ > 2. From Proposition 2.1, we have

D s(xyg(x)%,)
= Dies0d + D pxy=1900%,) = Pl ()5 (X 190504,
= D pxy=19(x)%,)

= Dy g(X)g(X)k )

If £ > 2, similar to the above procedure, we have

Dy r(xyg(x)k,}

= D s(X)e(x)5,)

= Dy g(x),-3 + D g(x)g(x =13 = Dig(x).£(X)9(X)%1,)
= D s(xya(x =1,

= Dy p(x)g(X)}-



Example 2.3 Let f(z,y,2)=z-1,9(z,y,2) = z, hi(z,y,2) = y—1, and ho(z,y,2) = z-1.
Since system

(2,3, 2)g(2,9,2) = 2(z — 1) = 0,

hi(z,y,2)=y—-1=0,

hao(z,y,z)=2-1=0,

has only one solution, we have
D{fg,hl.hz} = 1.

Now, we consider
f(.’L‘, 3/’2)29(557%3)2 = z?(m - 1)2 - 03
hi(z,y,2)=y—1=0,
hao(z,y,2)=2—-1=0.

The above system also has only one solution. Therefore D 22 4, 1,y = 1. Thus,
Disghihay = Disrgrh b}
Proposition 2.6 D,(,r) > D;r+)1 + 1.

Proof: Assume D;(;T+)1 = D{filvfiz‘“"f;p'f; }» where A,pq < 7. Let (X'} not be in the

p+1
intersection of the p + 1 curves, i.e., fy,(X') are not all equal to zero, for p = 1,2,...,p,

p+ 1. Without loss of the generality, let f3 (X’) # 0. We denote f/(“(f’) = v, for
u=1,2,...p,p+1. Thus, v; # 0. Now we define f,’\“ = f;“— P—’if}:l,for pw=23,..,pp+1.
1

Thus, we have f/'\H(X’) =0 for g = 2,3,...,p, p+ 1. It is easily seen that if f;“(X*)
= 0 for p = 1,2,3,...,p,p+ 1, then f/’\“(X“) =0for p = 2,3,....,p,p+ 1. Therefore,

r et ) r T
D{f,'\y”'»fi,,vfﬁp“} > D:H}l + 1. From the definition of D,(,r , we have D,(, ) > DL+)1 + 1. The
proof is completed. a
Remark 2.1: Proposition 2.6 corresponds to the monotonicity of the generalized Hamming
weights.
Proposition 2.7 If h,., = f'g, where | > 2 and deg f > 1. Then

r+1 T
DU+ < pin.

Proof: Let D;(,TH) = D{hgl,---,h‘

Sp—1

e }- When h;p # hy 41,8, < v, we have
*p

D;T“H) = D{h‘ .h* h.p} < Dz(,r).

s ep 1 s

When ,h,, = h,41 = f'g, from Proposition 2.5, we have

r41 _
D1(7 ) = D{h;l""’h:p_r(ﬂg)‘}
= Dy, b, (500

a1

D{.

IN



3 The Generalized Hamming Weights of AG Codes from a
Class of Three-dimensional Curves

We are now interested in the following irreducible space curves [9, 10]:

2%+ ¥ + fi(z,y) =0, (6)
y =

where ged(a,b) = 1, and b2%i + abj + b%k < ab for any z'y/zF being a term in fi(z,y,z).
Miura-Kamiya space curves are special cases of (6) [11]. Since they are irreducible, any set
containing one of these polynomials has no common non-constant factor. The results of
this section can be generalized to the space curves of (6), but for convenience of exposition
we derive them using the following Hermitian space curve over G F(2%) as an example:

-1
~—

2®+y'+y =0,

v+ +z2=0. (
For (7), we define the weights of monomials as follows: w(z) = 16, w(y) = 20, w(z) = 25
and w(z'y?z%) = 16i + 205 + 25k. We have the following sequence of monomials:

H=1{1,z, vy, z 2% zy, v’z yz, 23 2%, 2%y, zy?, 2%z, o°, xyz, iz, 222,
3y, y22, 2%y?, o8z, By, L} = { 20 <@ < 15,0 < 5 <3,0< k <3} =
{hy,hy, hs,....;h,, ... hose }.

It can be checked that the weights of monomials in H form an ascending sequence:
W = {0,16,20,25,32,36,40,41,45,48, ..., 350,355, 359, 375}.

Let L(r) be the linear space spanned by the first 7 monomials of H. Obviously h, €
L(r) — L(r — 1). If polynomials f(z,y,z), g(z,y,2) € L(r) — L(r — 1), we say f(z,y,z)
and g(z,y, z) are consistent and write f(z,y,z) ~ g(z,y,z). In this paper, [ziy? 2¥] (or
h?) denotes all polynomials that are linear combinations of x'ylz* (or h,) and its previous
monomials in which the coefficient of z'y’ z* (or hy)is 1,ie., hy = h, + ZL;ll ¢, h,. Hence
we have [z'y7z%] ~ z'y/zF and h* ~ h,. For convenience, let hy = 2°+y* +y. Sometimes, if
no confusion arises, D{hilvhigv“'vhl y is represented as Dy, ;. 0, - From these definitions

and the results in Section II, we have the following lemmas.
Lemma 3.1 D{[xtyjzk]} < 16: + 20] + 25k.

Proof: Let h, = z'y/z* and consider any linear combination of the form h} = iyl 2* +
L_=11 ¢, h,. Each monomial h,, 1 < pu < r, has a y-exponent at most 3. Thus, B +yt4y
is not a factor of h:. Since z° + y* + y is irreducible, h} and 2%+ y* + y have no common
factors. So Theorem 1.2 applies.
The z-resultant R(y) of z° + y* + y = 0 and ziylzF 4 .- = 0 is the determinant of the



following matrix:

-

1 0 0 0 0 yi+y O 0
1 0 0 0 vi+y 0
0 1 0 0 0 0 vty
0 0 0 0 0 1 0
yl 2* a(y,z) b(y,z) .. c(y,z) 0 0 0
0y aly,z) by.2) e(y,z) 0 0
0 0 0 0 0 vz aly,z)

where deg, a(y, z),deg, b(y, z), ...,degy e(y, z) are all less than 4. Thus,

0
0
0
vt +y
0
0
ey, =)

R(y,2) = (2P (y* + )+ = g5 4
Now, consider the y — resultant R(z) of y° + z* + z = 0 and y**5:5% 4 ..., From
Theorem 1.2, R(z) is the determinant of the following matrix:
10 0 0 0 A4z 0 0 .0
0 1 0 0 0 0 4z 0 .0
0 0 1 0 0 0 0 24z 0
0 0O 0 0 0 1 0 L
255 a(y,z) by, z) c(y,z) 0 0 0 0
0 a(y,z) by,2) c(y,z) 0 0 0
|0 0 0 0 0 25k a(y,z) c(y,z)
Thus,
R(z) = 5 4(41+57)+5(5k) o= ,16i+205+25k o,
and therefore, deg R(z) = 16¢ + 205 + 25k. The proof is completed. O

Lemma 3.2 Let ged(hy,....,hy ) = h. Then
Ding, ...hy 3} < Diny + Dienyn e, feregoc sk

thTCOS’il,iQ,"',it S47 OSjlvj%"'ajtSBy andosklvk%"'sktSS-

Proof: Since y* = 2%+ y and 2* = y°+ 2, and applying Proposition 2.3 and Proposition 2.4,
g

we have Lemma 3.2.

[m]



Example 3.1 Let hy,, for p = 1 2....,6, be z8yz?, riyz, x3y%:?, ziy?s, 22y?:3, ry?:.

Thus, gcd(z y~ , T y~,x3y2~2,z Y2z z2y273 xy?2%) = zyz, i.e., h = zyz. From Proposi-

tion 2.4, z8yz?,23y%22, and 2%y*2> can be deleted. Thus, from Lemma 3.2, we have

D (58422 ] (z5y= ) 2332 2] [t 92 2] 2292 2] [ey2 2]} S Difwyl) + D)) [v2)) -

Definition 3.1 Let i, j and k are nonnegative integers. The determine set of a point
p = (i,5,k) is defined as
D(i,j, kY= D(p) = {(V,7, k) | (0 <+ <min{i —1,15},0< ;' <3,0< A < 3) or
(0 <4 < min{i+4,15},0 < j' < min{j,4},0 < K <3)or
(0 < i’ <min{i+4,15},0< j' < 3,0 < &' < min{k,4})}.

3l ?

(i-1,j-1,k-1

15
z

Figure 2.1 The determine set of point p=(i, j, k).

Let Py, P,,---, P, be n points with nonnegative coordinators. The determine set of the n
points is defined as

D(Py, Pyy-+-  Pp) =D(P)ND(P)N---ND(F).
Theorem 3.1 Let P, = (34, ji, ki), fort =1,2,---,n. Then
Dyfpiryn 4}, ainynzin]) S PP, Py Po)l,

where |D( Py, Py, - -, P,)| is the number of points in D(Py, Py,-+-, Pp), and t < 4,0 < ¢y <
15, 0< j < 3, and 0 < k; < 3.

It may be difficult to give an explicit formula for computing |D(Py, Py, - -, P,)|. Here,
we give a simple algorithm that is easy to implement.

Algorithm 3.1 (Computation of |D|) Suppose D = D( Py, P2, -+ -, Py) and Py = (14, je, ke ).

Step 1: Set Do := {(i,5,k) | 0<i<15,0<j<3,0<k <3}
Step 2: Fort=1,2,---,n, do
For i; <i1<15,4<j7<3,kk<k<3do

If (i, ], k) € Do, then

10



Do 1= Do — (i, ], k).
For min{i; +4,15} < i<15,0<j<3,0<k <3 do

If (i,4,k) € Dg, then
DO = DO - (la]’k)

Step 3: |D| = the number of points in Dy.
Example 3.2 Using Algorithm 3.1, we have

D22 [o24) [22} < 30-

Lemma 3.3 Isz(f) = Dyy, 5y.....5,) and hy, is deleted, i.e., t\ € {1,2, ..., 7} —{s1, $25 ..., Sp}.

.....

then all factors of hy, should be deleted, i.e., it is not in the set {hy, ..., hsp} .

Proof: Suppose that
D;(;T) = D{Sl,SQ,...,SP}'

Let {ti,t3,....tr—p} = {1,2,...,7} — {s1,82,....8,} . If h,, is a factor of hy,, then from
Proposition 2.4 and the definitions, we have

" _ (r)
Dz() ) = D{sl,sz,...,sp} = D{31»S2,---vsp~’>‘} < DP‘H'

However, from Proposition 2.6, we have D,(DT) > D;Lr)l + 1. Thus, we have a contradiction.
0

Definition 3.2 A set S of non-negative integer points (i,j,k) (i.e., i, j and k are non-
negative integers) is called a regular set if for (i,j,k) € S, we have (¢,j,k') € S, for all
0<V<i,0<<jand0<k' <k.

Using the definition, we have the following result:

Corollary 3.1 For D{kl,kz,.‘.,kp]} i.fSEt {(27]~ k)lzzy]zk € {hh hy, ..., hr}_{hkl s hk‘;a ] hkp}}
is not a reqular set, then there exists at least one set of {s1,32,...,8p} with s, < kp, such
that D{S],SQ ..... SP} Z 1 + D{kl,k'_),...,kp}'

Example 3.3 Let 1 = 14 and p = 6. The first 1§ monomials are { I, ¢, y, z, z°,

ry, y?, xz, yz, =2 2%, 22y, 2yt ¥ ). I { ki, ..., ke } ={ 2 7, 11, 12, 13 14},
then {1,2,...,7} — {k1,....kp} = {1,3,4,5,6,8,9,10}. Observe the set {(4,7,k)|z'y’'=* €
{h],h3,h4, hs, h67h87h97h10}} = { (OanO): (07170)’ (0v071)’ (2’0’0)’ (1’170): (0,2,0),
(0,1,1),(3,0,0) } does not form a regular set, because (2,0,0) belongs to this set but (1,0,0)
does not. If we choose {sy,...,s6} = {7,9,11,12,13,14}, then {1,2,...,7} — {s1,...,8p} =
{1,2,3,4,5,6,8,10}. The corresponding monomials are {1, z, y, z, 22, zy, rz,2° } and
form a regular set. Obviously, D{791112,13,14} 2 1 + Dy2,7,11,12,13,14)-

The following theorem is the main results of this paper.
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Theorem 3.2 D;,r) < w(h;) —w(hy).

Proof: We use mathematical induction here.
(1) For h, = 1,2,y,2,2% zy, 9%, x2,yz, it can be checked directly that

D) < w(h,) — w(hy).

(2) Suppose DLT) < w(h,) — w(h,) holds for r < 9. Since h,4; = f2g for some f and ¢
when 9 < 7 < 14. By Proposition 2.7, we have

DY < DY) < w(he) = w(hy) < w(hyg1) - w(by)

(3) Now, suppose that D;,T) < w(h,) — w(h,) for » < 15. We prove that DSG) < w(hye) —
w(hy). (
16
Let D, ) = D{hilv"'vhlp_ph§p}' If s, <15, then

D = Dy, hs 3 < D) < wihis) — w(hy) < wihie) — w(hy).

slV ' sp 1! Sp

If s, = 16, D;IG) = D{h;1, by (zv2)*}- We distinguish further the following cases.

(i) w(hs,_,) < w(yz).

16
D = Dy . ~hs | (xw2)t)
< Dy ohy,_ vy H Dy by 200)
S Ding by )0 +D{r'}
S D{h:I v"'vh;p_lv(yz).} + w(l')
= w(yz) - w(hy) + w(z)
< w(zyz) - w(hy)

w(hye) — w(hy).

(ii) w(h = 23,22, 2%y, zy?, 222, y3. Without loss of generality,

we take h

sp_1) > w(yz), then h
= y>. Then

SP—I

Sp—-]
16 —

DZ(’ ) = D{h‘ ...h'p 2,(313)‘,(1?.1/2)'}

Dins, . h3 _,w*(zy2)*}
Dy

slv'v -’p 2|y }.
In order to prove D,(,w) < w(hye) — w(h,), we need to prove

D, w0} < wlhie) — wihy). (8)

one *
817 "sp_2

If h,, = 1 for some s;, then

D{h.l' .h 2,y‘} =0 S ’w(hle) - w(hp)

12



If there are some hy , h, , such that h, = z,h, =z, then

D{h;l‘.‘.,h;p_:ﬂy‘} = D{'--,I',~-~,y",~-,y'} =1 < w(hls) - U)(hp)

And when p = l,Dgle) < w(hyg) = w(hie) — w(hy). When p = 15, {h,,,---,hy,} C
{hy, hy,- -+, hy5}. Therefore, either there is a h,, = 1 or there are some h,, = z and h,, = z.

For either cases, we have DEG) < w(hyg) — w(h,).

Now by Proposition 2.4, we can delete the terms, which have y as a factor, from
D{h.1 ~h: ). Thus, we can assume that

R P

Dins by w0 = Dizryry 0F Dize ey

-
Hence D{hzr'“’h%_py’} =4 < w(hye) — w(hyy) < wlhys) — w(hy,).

Combining (i) and (ii), we have proved that

D(1® < w(hyg) — w(hy).

(4) We now prove that when r > 15, D,(,r) < w(h,) = w(hy).
When r > 15, h,y, = f?g for some f and g. By Proposition 2.7,

D{* < DI < w(h,) — w(hp) < w(hy41) — w(hy).
Thus, the proof is completed. a
Corollary 3.2 Ifh, ~h,-h, for some1 <p <r, and D{h:‘} = w(h,), then
D) = w(h,).
Proof: Since h, ~ h, - h,,
hu X {hl’h%...,hp} C {hl’...’hp’...,hr}_
Thus, by Proposition 2.3, D,(,r) > D{h;h;,h;h;,---,h;h;} > D{h;}.

On the other hand, Dy = w(h,) = w(h;) — w(h,). From Theorem 3.2, Dpr) <
w(h;) — w(h,) = Dhay- Therefore, D,S,r) =Dy = w(h,).

Lemma 3.4 [1] If there is no 1 < p < r such that h, ~ hy, -h,, and r — p > w(h,), for
any 1 < v < r with that h,s ~ hy, - h, and r’ < r, then

D) < r—p. (9)

F4 —_

Now we show how to find the generalized Hamming weights of codes C, defined by H,.

For convenience of expression, we take r = 16. For
2 2 3.2 .2 2 .2 .3 T
His =[1,z,y,2,2% 2y, ¥, 22, y2,2°, 2°, 2%y, zy*, 2°2,y°, zy2]

we have the following table:

13



-1

g | 9 [1011 | 12 | 13 | 14 | 15| 16

zz | yz | 2° | 22 | =%y zy? | 2%z | y° | 2y

41 145 {48 |50 | 52 | 56 | 57 | 60 ] 61

w (11234156
I Yy
w(h,) |0 16 | 20 25|32} 36

L%

=
=4
1%
s
LV
INES
<

Table 1: The weights for the first 16 monomials.

With Table 1 and Theorem 3.3, we compute

D'® = w(hye) = 61 D) = w(hy) = 45 DU = w(hg) = 41
D“‘” = w(hg) = 36 DU® < w(hyg) — w(hs) =29 DI = w(hy) =25
D“‘5 < wihyg) — whr) = 21 DS = w(hs) = 20 Di'® = w(hy,) = 16

DU < w(hye) — w(hyo) = 13 DE® < w(hie) — w(hiy) = 11 DY < w(hye) = wihiz) = 9

16) < wlhyg) —wlhyz) =5 DU < w(hig) — w(hig) = 4 Dﬁ},e) < w(hy) — w(hys)

16
D§6 )= 0

Now using the monotonicity proposition, i.e. Proposition 2.6, we obtain D(716) = 21.
d-1=16-p+h

p | h=1] h=2 | h=3 [ h=4 | h=5 [ h=6 | h=7 | h=8 | h=9 | h=10 | h=11 | h=12 DL

1] 16 | 17 | 18 | 19 | 20 [ 21 | 22 | 23 [ 24 25 26 27 61

2| 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 24 25 26 45

3| 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 [ 22 23 24 25 41

4 | 13 | 14 | 15 | 16 | 17 | 18 | 19 [ 20 | 21 22 23 24 36

5 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 [ 20 21 22 23 | <29

6 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20 21 22 25

71 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 19 20 21 21

8 | 9 0 | 11 | 12 | 13 | 14 | 15 | 16 | 17 18 19 20 20

9 | 8 9 0 | 11 | 12 | 13 | 14 | 15 | 16 | 17* [ 18* [ 19* 16

10| 7% | 8% | 9f | 10% | 11* | 12* | 13* | 14* | 15* | 16 17 18 | <13

1] 6° | 7 | 8 | of [ 10* | 11* [ 12* [ 13 | 14 15 16 17 | <11

121 5¢ | 6¢ | 7 | & | of |10 | 11 [ 12 | 13 14 15 16 | <9

13 | 4* | 5% | 6* | 7+ | 8* 9 10 | 11 | 12 13 14 15 | <5

14 | 3* | 4* 5 6 7 8 9 10 | 11 12 13 14 <4

15 | 2% | 3* 4 5 6 7 8 9 10 11 12 13 1

16 | 1 2 3 4 5 6 7 8 9 10 11 12 0

Table 2: The values of d-1=16-p+h for different h and p.

With Table 2 and Table 3, we can compute the generalized Hamming weights, di(C16),
or their bounds as follows. From the table, for each column h = ¢ (i = 1, 2, 3, 4, ... ),
we consider the first entry that is greater than the entry at the same row and the last

column( D, )) According to Theorem 1.1, this entry plus 1 gives a lower bound of d;(Cis).

However, for some p (suchas p=5,p=10,---,p= 14), we only have the bounds on D(IG).
Thus, there may be more than one entry in one column that are possible to be the first entry

14



d-1=16-p+h
p | h=13 | h=14 | h=15 | h=16 | h=17 | h=18 | h=19 | h=20 | h=21 | h=22 [ h=23 | h=24 | D}'*
1 28 29 30 31 32 33 34 35 36 37 38 39
2 | a7 28 29 30 31 32 33 34 35 36 37 38
3| 26 27 28 29 30 31 32 33 34 35 36 37
1| 25 26 27 28 29 30 31 32 33 34 35 36
5 | 24 25 26 7% | 28% | 20% | 30* | 31* | 32% | 33* [ 34* | 35%* | <29
6 | 23 24 25 26% | 27 | 28* 29 30 31 32 33 34
7| 22% | 23* | 24* 25 26 27 28 29 30 31 32 33
8 | 21 22 23 24 25 26 27 28 29 30 31 32
9 | 20 21 22 23 24 25 26 27 28 29 30 31
0] 19 20 21 22 23 24 25 26 27 28 29 30 | <13
1] 18 19 20 21 22 23 24 25 26 27 28 29 | < 11
12| 17 18 19 20 21 22 23 24 25 26 27 28 <9
13| 16 17 18 19 19 21 22 23 24 25 26 27 <5
14 | 15 16 17 18 18 20 21 22 23 24 25 26 <4
15 | 14 15 16 17 17 19 20 21 22 23 24 25
16 | 13 14 15 16 16 18 19 20 21 22 23 24

Table 3: The values of d-1=16-p+h for different h and p (continued).

that is greater than the value of D,(,IG). In Table 2 and Table 3, all these entries are marked
by an ™. For the same reason, in Table 4, we only give the bounds of the generalized
Hamming weights for some h.

The generalized Hamming weights of Cy¢ are given in Table 4.

h 1 2 3 4 5 6 7 8 9
di(Cye) | [3.8] | [4,9] | [7,10] | [8,11] | [9,12] | [11,13] | [13,14] 15 16

h 10 | 11 12 13 14 15 16 17 18 19
dn(Cre) | 18 19 20 23 24 25 [27.28] | [28,29] | [29.30] | 31

h [20,24] [25,28] [29,32] [33,46] [47,256]
dn(Chre) h412 h+13 h+14 h+15 h+16

Table 4: The generalized Hamming weights of Cs.

In Table 4, h € [a,b)] or di(C16) € [a,b] means that h or d,(C1) may take any integer
in the interval [a, b].
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4 Results in General n-dimensional Spaces

In this section, we consider the codes defined on the curves in n-dimensional space. We are
now interested in the following irreducible space curves [2]:

f(l'],l‘g) = 07
flon 2222 =0 (10)
fn_l(l'],l'z,"',l’n) = 07

where

N be
fs(($17l‘27” '7xs+l) = -’Ug“ + zs:}-l +gs(rls$23"'szs+l)ﬁ

ged(as,bs) = 1 and deg gs(z1, 22, -+, Ts41) < min{as, bs}.

. TR Loy . iy 1 ;
Let a point p = (7,42, -,1,) in R™ represent a monomial zi'z3 ---zi». we define the

weight of the monomial as follows:

Definition 4.1 For a n-dimensional monomial 23! 23 - - - zi", we define its weight as
o ) n n—j n—1
wiepeg -zp) = | [Tox JI arfis

7=1 \k=1 k=n—j4+1

Example 4.1 Let n = 6, and a; = 5,b, = 4, for s = 1,2,---,5. Based on their weights,
we have the following increasing monomial sequence:

H =A{l,z1,22,23, 24, :vf, T1T3, T3, a:% I1T3,Z9%3, 2124, x?, zs, :r%, ToT4, il?%l‘z, T1T5,- -}
For convenience of expression, we consider the Hermitian-like curves over GF(2%):
B+ z5+a=0
3 +zi+23=0 (11)
xi_1+xi+xn:0

This curve has N = 4"*! ratjonal points. Thus, the code C, defined by H, is an (471,

4"+1 _ 7). For any monomial z}!z% ---z!n, its weight is defined as

n
w(zizy o) = E 4ni5I
=1

When we apply Bezout’s theorem to high dimensional cases, we compute the resultants
many times, once for one variable only. For example, when we consider curve (11) and poly-
nomials f,(z1,22, -, 2n) forp = 1,2,---, p, we first consider the z;-resultant Ry(z2," -+, Zn-1,Z5)
of

24+ad+2,=0
f1($l’z27"’v$n) =0

fp(xlvl'?s tt ',:L'n) = 0.

16



Then we consider the zo-resultant Ry(z3, -, Tn—1.%x) Of

z3+zd+23=0
Rl(l‘?v " 'ﬂ$n—3’mn) =0.

Repeat the above precess, we finally consider the z,_;-resultant R,_1(zy) of

x;r’t_1+a:fl+atn =0
Rn—?(zn—lszn) =0.

Then, following the similar processes in the 3-dimensional cases, we can prove the fol-
lowing results. Our results can be generalized to the codes defined on curve (10).

Lemma 4.1 D }S - 4n-ini—ly;,

HENREXEE A
Theorem 4.1 D,(f) < w(h;) — w(hy).

Theorem 4.2 Let C, be a [4"*!, 4" — 7] code defined by parity-check mairiz H, =
(hy, hg,-- - h,)T. Then

di(Cry=h+r, ifh>wh)—71+2.

Proof: By Theorem 1.1, we know that, if D£T_)(d_1)+h < d -1, then dz(C,) > d. Let
p=r—-(d=1)+h, then d—1=r—-p+h When h > wh,)-r+2,r—1+h2
r-1+wh,)—7r+2=wh,)+1> DY) +1> D&T). This means that » — 1 + h is the first
value of r—p+ hsuch thatr —p+h=d-1> D;,T), when p takes 1,2, ---, 7. Thus, when
h > w(h,) -7+ 2,

dpi(Cly>d=r—-1+h+1=h+r. (12)

On the other hand, however, by the generalized Singleton bound we have
dpn(Cr) < h+ (13)
From (12) and (13), we have
dp(Cr)=h+r, if h>wh,)—7+2.

a
Remark 4.1: In [16] and [6], a similar result was given for the AG codes form Hermitian
curves. Our result is on the AG codes from Hermitian curves in high dimensional spaces,
and our approach does not need Riemann-Roch theorem.

Example 4.2 Consider polynomials in the four-dimensional space. WE have the following
monomial series

_ 2 2 3 2
H = {1,z;,22,%3,%4,27,271%2, 73, T1%3, L2T3, T1T4, T7, T3, T2T4,

2 2 2 3 2 .2 4 2
T1%2,21%3,%3T4,T123, T2, T1T2L3, Ty, T1T4, T, T3, " }

17



The corresponding weight series is

w = {0,64,80,100,125,128, 144,160,164, 180, 189,192,200,
205, 208, 224, 225,228, 240, 244,250, 253,256, 260, - - -}.
Let
H, = [h17 hy, -, hr]T-

The code C, defined by check parity matriz H, is a [45,4% = r] code.

If we take r = 8, then w(h,)—r+2 = w(hg)—8+2 = 160842 = 154. By Theorem 4.2,
we have

di(Cg) = h+ 8, if h > 154.

For ezample, d154(Cg) = 162, d2go(Cs) = 208.

When r = 16, we have w(h,) — 7+ 2 = w(hyg) — 16 + 2 = 224 — 16 + 2 = 210. By
Theorem 4.2, we have

dp(Cre) = h + 16, if h > 210.

For example, d210(C16) = 224, d300(C16) = 316.

5 Construction of Some Codes in High Dimensional Spaces

In the is section, we are going to give some examples to show how to use Bezout’s Theorem
and the results in the above sections to construct more efficient codes in high dimensional
spaces.

The following is a useful lemma:

Lemma 5.1 The following system of equations has at most three solutions:

2+ a1z +by+c =0,
xy + azz + boy + c2 = 0,
y? 4+ a3z + bay + ¢c3 = 0,

where a;,b;, and ¢; are arbitrary numbers.

Proof: The z-resultant R(y) of the system is determined by the following matrix:

1 ay biy + a1
y+az by+co 0

0 y + ag bay + co

as y? +bsy+cs O

0 as y2 + b3y +c3

If we just choose the first, the third and the fifth rows of the matrix, we have

1 a by + 1
0 y+az bay+c
0 a3 y? + b3y + c3

Thus, R(y) = y® + Ay? + By + C for some A, B and C. By Bezout’s Theorem, the system
has at most three solutions. a

18



5.1 Linear Codes Better Than the Improved Hermitian Codes

Now we consider irreducible Hermitian space curve over G F(2%):

@2 +y?+y=0,
y3+22+z:0.

From the definition, we have w(z) = 4, w(y) = 6 and w(z) = 9. Based on the weights, we
have the following increasing series of monomials:

2 3 ... .2, .. -2 .3 . .3
{1,z,y,2° z,zy,2°, 22,2y, yz, 2%z, 27y, 2yz, 2°2, - - -}.

If we take seven polynomials as {1,z,y,2% 2,2y,22 + yz} and consider DST), we have
the following theorem.

Theorem 5.1 Df) <3.

Proof:
1) It is easy to check

DA{[1], *, *, %}, D{[z], *,*,*}, D{{y], *, %, +} < 3.

2) Now we prove D{[z?],[z].[zy]],[xz+y2]} < 3. It is equivalent to proving that the following
system of equations has at most three solutions:

2 +y*+y=0, (14)
¥4+ 22 42=0, (15)
24+ Az 4+ Biy+ C, =0, (16)
2+ Az + By + Cy =0, (17)
zy + Asz + By + C3 =0, (18)
Tz +yz+ Agz+ Byy+ Cy4 =0, (19)

Solve (17) for = and substitute it into (19), we have

2 +yP+y=0, (20)
y3+A%xz—}-Bgy2+a2x+Bgy+(C§+C2) =0, (21)
224+ Ay 4+ Biy+C1 =0, (22)
gy + Azz + Bsy + C3 = 0, (23)
Az’ + (A + Ba)zy + Bay’ + (As + Ca)z + (Ba+ Ca)y + C4 = 0, (24)

Consider the determinant of the coefficient matrix of z2,zy, y* in (22), (23) and (24)

1 0 0
0 1 0 = BQ.
A, A2+ By B
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When B, # 0, (22), (23) and (24) are equivalent to

2+ aiz+ by +c =0,
Yy + azz + by +c2 =0,
¥’ + azz + by + ¢3 = 0,

From Lemma 5.1, they have at most three common roots. Thus, (20) - (24), and therefore
(14) - (18), have at most three common roots.
When B, = 0, equations (20) — (24) becomes

P+t +y=0, (25)
y3 + A2z 4 agz 4+ (C2 +Cq) = 0, (26)
:r2+Alz+Bly+C1 =0, (27)
I'y+A31‘+B3y+C3:0, (28)
Az® + Agzy + Boy® + (As + Co)z + (Ba + Co)y + Ca = 0, (29)

If we multiply (26) by A2 and subtract the result from (27), we have
y2+ (Az + A2A1)z + AJBiy + (C3+ C2+ Cy) = 0. (30)

i) When (A, + A2A,) = 0, we consider (25), (27) and (30). The z-resultant R(y) is the
following determinant

1 A Biy+ Gy
Ry)=|0 y*+AiBiy+C' 0 =% + A3BH? + C7,
00 v+ A3By + C'

where €' = C2 4+ Cy + C.
Since y® = y® in GF(2?), we have

R(y) = y° + A}B2y* + C™°.

By Bezout’s theorem, (25), (27) and (30), and therefore (25) — (29), have at most three
common roots.
ii) When (A + A2A4;) # 0, we solve (30) for z and get

z=ay’+by+ec, (31)

where a = 1/(A2+A%A1) ;é O,b = A%Bl/(A2+A%A1), and ¢ = (C22+CQ+CI)/(A2+A%A1)
If b = 0, substitute z = ay® + ¢ into (25), we have

(@ 4+ +a%c+ac)yP+ i +y+E=0. (32)

Obviously, equation (32) has at most three solutions.
If b # 0, substitute z = ay® + by + ¢ into (27), we have

(@®+ ADy® + 0% + (B1 + ad1)y + (¢ + C1 + cAp) = 0. (33)
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Since % # 0, equation (33) has at most three solutions. Thus, (25) - (29), and therefore
(14) - (18), have at most three common roots. 0o

From Riemann-Roch Theorem, the AG code with d > 5 should have r =d+¢g—-1 = 10.
This means that the AG code with d > 5 is (16, 6, > 5). In [10], an improved AG code
(16, 8, > 5) was given. Using Theorem 5.1, a better AG code can be constructed by taking
H = [l,z,y,2% z,zy, 22 + y:c]T. The new code is linear code (16, 9, > 5). It has more
information bits and therefore is more efficient.

5.2 More Efficient Double-byte Error-correcting Codes

Consider finite field GF(¢®) = GF(4®). Let 3 be a primitive element of GF(g®). Then
GF(¢®) = GF(2%) = {0,1,8,3%,---,35!,3%2}. Suppose o = %!, then GF(q) = GF(4) =
{0,1, e, a?}. We know that [GF(¢®) : GF(q)] = 3, GF(¢®) is a 3-dimensional vector space
over GF(q). We can prove that for any ag,ay,a; € GF(q) = {0,1,a,a?%}, ap+ay8+a28% = 0
if and only if ap = a; = a3 = 0, i.e., 1,3, 3% are linear independent over GF(q). So 1,3, 32
is a basis of GF(¢3) over GF(q). Let z,y,z be variables. Then, (z + y3 + 28%)7t! =
go(z,y,2)+ g1(z. ¥, 2)B + ga(z, y, 2)3%, where

gz, y,2) = 2% 4+ azy + a®y? + yz + azz + 27,
g2z, y,2) = a2y2 +yz + olrz + ayz + az?,
gs(z,y, z) = zz + azy + o®y? + o?yz + 22

Obviously, g:1(z,y,2),92(z,y,z) and ga(z,y, z) are polynomials with three variables and
coefficients in GF(q). On the other hand, since

((z + yB + BT HIH1) = (g + yB + B2)7 Hot1

(z + yB + 2)7°+911 is also a polynomial with coefficients in G F(q).

Now let hy = 1LLhy, = z,hs = y,hy = z,hs = go(z,y,2),he = gi(z,y,2),h7 =
gs(z,y,2),hg = (z + yB + ﬂz)qz‘*"”’l. For any polynomial h;,we define its evaluated
vector as h; = (hj(Py),h(P,), -, hi(Psq))T, where Py, Ps,---, Psy are the 64 points in
GF(q*), when GF(q®) is considered as a three-dimensional vector space over GF(q). Let
H = [hy, hy, -+, hg]?T. Then we have a code with parameters:

n =¢q> =64,k = 56.

By the following theorem, we know that C is an (64,56, >5) code.

Theorem 5.2 Let H = [1,z,y,2,90(z,¥,2), 1(z, ¥y, 2), g3(2, 9, 2), (z + yB + 52)02+q+1]T_

Then Dgs) < 3.

Proof: Let D = Dy, 1y, sy, b, 1
It is easy to check that
Dy p o1y = 0 < 35
D) (o], ) 111} S 35
D) 0]y < 3
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Thus, it is sufficient to prove the following system of equations has at most three distinct
solutions:

z+ Ao+ Biy+ Cy =0,

go(z,y,2)+ Az + Boy + C2 = 0,

91(z,y,2)+ A3z + Bay + C3 = 0, (34)
92(z,y,2) + Agz + Bay + C4 = 0,

(z 4+ yB8 + 28279+ 4 Agx + Bsy + Cs = 0.

Substitute = = A,z + Byy+C; into (z+y8+ 282)7 t9+! and consider its part of degree
2, which is ((1+ A15%)z + (3 + Bi2)y)™*1 = (1+ 482+ (x + ySBji1 | Because
1+ A18% £ 0, divide it by (14 A18%)9"Y and let ¢ = fj—j%; € GF(¢q%). Then (z +cy)?+! =
22 4+ (7 4 ¢)zy + ¥, Suppose that ¢? + ¢ = go + 915 + §28%, T = hg + h 3 + hoB3?,

then (z + yB8)™! = (2 + gozy + hoy®) + (q12y + h1y?*)B + (g22y + h2y?)3%. Thus, (34) is
equivalent to the following system of equations:

z+A1z+B1y+C1 =0,
z + gozy + hoy® + Abz + By + CL =0,
ey + hiy® + Ayz + Biy + C5 = 0, (35)
g2xy + hoy® + Ajz + Biy + Cy = 0,
(z+ 9B + 2617 F4 4 Asz + Bsy + C5 = 0.
If we can prove the following determinant is not zero, then there are three equations in

(35) such that the system of them is equivalent to the system of equations considered in
Lemma 5.1. Then, by Lemma 5.1, we know that (35) has at most three distinct solutions.

1 h

9o 0 e hy
0 9 A= g2 he |
0 g2 hy

If it is zero, then there exist a nonzero element a € GF(q) such that (hy,h2) = (g1, 92)-
So we have ¢! 4+ ac? + ac = hy + agy = b € GF(q), and (¢! + ac? + ac)? = b? = b, i.e.,
¢+ 4 qc? + ac? = b. Add the above formulas, we obtain ¢9°*7 + ¢?*! + ac?” = ac, so

2

a = —_—— = Cq.
¢ +c
So ¢ = (¢9) = a? = a = %, ¢ = () = (e9) = ¢ = ¢%. On the other hand,
c € GF(g%), so ¢? = ¢ and therefore, ¢? = ¢,c € GF(q), but ¢ = %;, and 1,8,53%is a
basis of GF(q®). This is impossible. So the proof is completed. O

Remark 5.1: In Theorem 7 in [17], Dumer constructed a class of codes over G F(q), where
g is a power of an odd prime. The minimum distances of these codes are greater than or
equal to 5. According to Dumer, when n = ¢3, the codes have the following parameters:

n=gq¢g,r=8,d>5.

These codes are known to be optimal in the sense that no other codes with d > 5 and the
sane code lengths have fewer number of parity checks. But, unfortunately, these codes are
defined only on GF(q) for odd prime number ¢q. Our code C has the same parameters and
is defined on GF(2%).
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6 Conclusions

Bezout's theorem was used to determine an upper bounds of the numbers of common
points of two-dimensional polynomials in [1]. With the upper bounds, lower bounds of the
minimum distance and generalized Hamming weights of linear codes were also given in [1].
In this paper, we generalize the results in [1] to n-dimensional spaces. we not only give the
upper bounds on the number of the intersection points of n-dimensional polynomials and
the lower bounds on the generalized Hamming weights, but also give the exact values of the
generalized Hamming weights d;(C,) for large enough h. With the results in this paper,
new methods for constructing more efficient linear codes can be built. They will be applied
in computer memory systems, distributed systems [14, 15], CD audio, Video disk, and CD
ROM.
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